Introduction and Motivation {#Sec1}
===========================

We want to dedicate this paper to Michael Löwe, the founder of the single-pushout approach \[[@CR12]\] and simultaneously a pioneer in the investigation of categories of partial algebras with partial morphisms between them \[[@CR13]\].

In this paper, we want to combine these two theories. We introduce the category of *comprehensive systems*, formally a category in which the inner structure of the objects can be described with partial maps, and will show that SPO rewriting is applicable in this category.Fig. 1.Comprehensive system

Comprehensive Systems have been introduced in \[[@CR21]\] (see also \[[@CR22]\]) as a means for global consistency management, representing a collection of inter-related systems. To provide an intuition of a comprehensive system (Definition [3](#FPar6){ref-type="sec"} in Sect. [3](#Sec6){ref-type="sec"}), take a look at Fig. [1](#Fig1){ref-type="fig"}. There are three conceptual models $\documentclass[12pt]{minimal}
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                \begin{document}$$A_1, A_2, A_3$$\end{document}$, which depict persons ![](495607_1_En_6_Figa_HTML.gif){#d30e492} with certain features: In $\documentclass[12pt]{minimal}
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                \begin{document}$$A_1$$\end{document}$ a phone number ![](495607_1_En_6_Figb_HTML.gif){#d30e501} is assigned to the person, in $\documentclass[12pt]{minimal}
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                \begin{document}$$A_3$$\end{document}$ the person possesses a home address ![](495607_1_En_6_Figc_HTML.gif){#d30e517} , and in $\documentclass[12pt]{minimal}
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                \begin{document}$$A_3$$\end{document}$ persons additionally may have a business address ![](495607_1_En_6_Figd_HTML.gif){#d30e526} . You may think of $\documentclass[12pt]{minimal}
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                \begin{document}$$A_{1/2/3}$$\end{document}$ representing (excerpts of) the contents of three databases possibly in three distributed IT-systems, the first stores records of persons and phone numbers while the second and third store records of persons and addresses.

In many cases it is necessary to maintain global consistency of the databases' contents, especially in the presence of inter-model constraints \[[@CR20]\]. Let us assume the following constraint: **IMC**Every person with a business address must either provide a phone number or a home address or both. Violations of this constraint can only be discovered, if common elements in the models are identified. Thus one has to specify that a recorded person in $\documentclass[12pt]{minimal}
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                \begin{document}$$A_3$$\end{document}$. Such commonality specifications extend the modelling language and are commonly used in practice, e.g. \[[@CR5]\]. In Fig. [1](#Fig1){ref-type="fig"} we employ grey-coloured "tentacles" to visualise three commonalities: (1) The three person records, (2) the two home addresses, and also (3) the two assignments of the home address to the person.
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                \begin{document}$$A_{1/2/3}$$\end{document}$ formally represent directed graphs. But the junctions of each commonality ( ![](495607_1_En_6_Fige_HTML.gif){#d30e585} ) -- called *commonality representatives* -- form another graph $\documentclass[12pt]{minimal}
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                \begin{document}$$A_0$$\end{document}$ in Fig. [1](#Fig1){ref-type="fig"}. Elements of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A_0$$\end{document}$ witness common elements among $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A_{1/2/3}$$\end{document}$ and these commonalities must obviously respect node-edge-incidences (see the person to home address assignment), such that their respective outgoing grey lines are in fact graph morphisms $\documentclass[12pt]{minimal}
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                \begin{document}$$\bullet \leftarrow \bullet \rightarrow \bullet $$\end{document}$, which is the underlying setting for triple graphs \[[@CR18]\], the common source in the middle specifying the commonality graph. An extension of triple graphs are graph diagrams \[[@CR23]\], a framework for *multi-ary* model synchronisation. Since multi-ary commonality relations such as the ternary tentacles of identical person records in Fig. [1](#Fig1){ref-type="fig"} can not be encoded with several binary relations \[[@CR19]\], one must distinguish relations of different arity in the underlying shape for graph diagrams: E.g. in Fig. [1](#Fig1){ref-type="fig"}, a shape with two nodes is required: One node specifies the existence of a graph containing binary home address commonalities and one node is used for ternary commonalities of person records. In larger system landscapes ($\documentclass[12pt]{minimal}
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                \begin{document}$$n>3$$\end{document}$), there may be many more commonality relations of arbitrary arity $\documentclass[12pt]{minimal}
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                \begin{document}$$k \le n$$\end{document}$, which would cause a considerable amount of heterogeneity of commonality nodes in the underlying shape for graph diagrams. Moreover, this schema and hence the basic setting for implementations must be altered, whenever new commonality relations are added.

We showed in \[[@CR21], [@CR22]\] that comprehensive systems are a homogeneous generalisation of graph diagrams. They are *homogeneous*, because we need only one node to cope with commonality relations of arbitrary arity (the center of the star-shape specifying commonality graph $\documentclass[12pt]{minimal}
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                \begin{document}$$A_0$$\end{document}$) and must not alter the base setting, if new relations are added. It is a *generalisation*, because we can implement each graph diagram as a comprehensive system, i.e. we can jointly collect different commonalities into one graph $\documentclass[12pt]{minimal}
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An important distinction, however, is that graph morphisms $\documentclass[12pt]{minimal}
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                \begin{document}$$a_i:A_0\rightarrow A_i$$\end{document}$ in comprehensive systems are allowed to be *partial*. E.g. $\documentclass[12pt]{minimal}
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                \begin{document}$$a_1:A_0\rightarrow A_1$$\end{document}$ in Fig. [1](#Fig1){ref-type="fig"} is undefined on (2) and (3) in $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {CS}$$\end{document}$, in which graph rewriting, especially SPO rewriting, is possible. For this, we will also consider the category $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {C}\mathbb {S}$$\end{document}$ equipped with *partial* morphisms, cf. Sect. [2](#Sec2){ref-type="sec"}. Although this requires handling both *intrinsic* and *extrinsic* partiality, we can prove existence of all pushouts in this category (Theorem 1 in Sect. [4](#Sec10){ref-type="sec"}) and hence demonstrate applicability of SPO rewriting.Fig. 2.Pullback along *f*

We expect the reader to have basic knowledge in category theory. For categorical artefacts, we employ the following notations: *Categories* like $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {G}$$\end{document}$ for categories that are based on a signature with unary operation symbols only, see Sect. [3](#Sec6){ref-type="sec"} for more details. Monomorphisms ($\documentclass[12pt]{minimal}
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                \begin{document}$$\hookrightarrow $$\end{document}$) have special notations. We furthermore expect the reader to be familiar with basic *universal constructions* like pullbacks, coproducts, and pushouts. When describing a pullback as in Fig. [2](#Fig2){ref-type="fig"}, we either say that the span $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(g',f')$$\end{document}$ is the pullback of co-span (*f*, *g*) or we call $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g'$$\end{document}$ the pullback of *g* along *f*. Moreover, the pullback object *D* in this construction is highlighted with a small adjacent right angle.

SPO Rewriting {#Sec2}
=============

Graph-Like Structures {#Sec3}
---------------------
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                \begin{document}$$\mathbb {G}$$\end{document}$ is called *based on a signature with unary operation symbols only*, if it is isomorphic to a category of total algebras w.r.t. a signature, which only contains sorts and unary operation symbols. The simplest example in our context -- and the rationale behind using letter $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {G}$$\end{document}$ to be given by E-Graphs \[[@CR4]\] or bipartite artefacts like condition-event-nets. It is well-known that all these categories are topoi and thus possess all limits (e.g. pullbacks) and colimits (coproducts, pushouts) \[[@CR6]\].
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*Remark:* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {G}$$\end{document}$ will serve as the base category (or base structure) for assembling comprehensive systems, cf. Fig. [1](#Fig1){ref-type="fig"}. Actually, we could have traded $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\mathcal {M}$$\end{document}$ of all monomorphisms.[1](#Fn1){ref-type="fn"} Adhesive HLR categories have mainly been introduced to model *attributes*, which poses some challenges regarding adhesiveness, in turn requiring to work with special subclasses of morphisms, which are isomorphic on the "data part". However, we restrict ourselves to graph-like structures because we are not focusing on attributes here and we want to stay in the tradition of Michael Löwe, who originally investigated graph-like structures only. Since graph-like structures are sufficiently concrete, we can actually refer to an element $\documentclass[12pt]{minimal}
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                \begin{document}$$\forall x\in A$$\end{document}$" means "for all *x* of any sort *s* in the carrier set of *A*".

Partial Map Categories {#Sec4}
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                \begin{document}$$\mathbb {C}$$\end{document}$-morphisms and utilised *partial* morphisms \[[@CR17]\] for the SPO approach. While other researchers adhered to total morphisms, he forcefully followed through with partiality and proved that it is worthwhile \[[@CR12]\]. He used the following definitions: A $\documentclass[12pt]{minimal}
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It is then easy to see that the objects of $\documentclass[12pt]{minimal}
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Furthermore we obtain an identity-on-objects functorcalled the *graphing functor* \[[@CR8]\], i.e. a canonical embedding of totality into partiality.

### Definition 1 (Hereditary Pushout) {#FPar1}
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The following result can be found in \[[@CR10]\]:

### Proposition 1 {#FPar2}
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The following result was stated in \[[@CR7]\] but fully worked out already in \[[@CR12]\]:

### Proposition 2 {#FPar3}
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Fig. 3.Commutative cube

Finally, hereditariness can equivalently be characterised as follows:

### Proposition 3 {#FPar4}

**(Equivalent Characterisation of Hereditariness).** \[[@CR9]\] A pushout like the top face in the cube in Fig. [3](#Fig3){ref-type="fig"} is *hereditary*, if and only if in any commutative cube as in Fig. [3](#Fig3){ref-type="fig"} with rear faces being pullbacks and vertical front left and back right arrows (*c* and *b* in Fig. [3](#Fig3){ref-type="fig"}) being monomorphisms, the following equivalence holds: The bottom face is a pushout if and only if (1) the two front faces are pullbacks and (2) the vertical front right arrow (the dashed arrow in Fig. [3](#Fig3){ref-type="fig"}) is a monomorphism.    $\documentclass[12pt]{minimal}
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Rewriting Rule and Derivation {#Sec5}
-----------------------------

While the *double-pushout approach* (DPO) \[[@CR4]\] requires the construction of a pushout complement and another pushout in the underlying category $\documentclass[12pt]{minimal}
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### Definition 2 (Rule, Match, Derivation, Conflict-Freeness) {#FPar5}
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Fig. 4.SPO derivation

Computing by SPO graph transformation requires the existence of pushouts in $\documentclass[12pt]{minimal}
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Comprehensive Systems {#Sec6}
=====================

For now and the rest of the paper, we fix a sufficiently large number $\documentclass[12pt]{minimal}
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Definitions and Background {#Sec7}
--------------------------

### Definition 3 (Comprehensive System) {#FPar6}
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In order to make reading easier, we always use letter *i*, if indexing comprises graphs $\documentclass[12pt]{minimal}
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Comprehensive systems admit an all-embracing view on a system of possibly heterogeneously typed components, in which all necessary informational overlaps are coded, cf. Fig. [1](#Fig1){ref-type="fig"}. They have been treated on the level of graphs in \[[@CR20]\] and -- on a more abstract level -- in \[[@CR3]\].

### Definition 4 (Morphism of Comprehensive Systems) {#FPar7}

Let and be two comprehensive systems. A morphism $\documentclass[12pt]{minimal}
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Whenever we mention morphisms $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {{f}: {A} \rightarrow {A'}}$$\end{document}$ between comprehensive systems, we implicitly assume the components of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {A}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {A'}$$\end{document}$ be denoted as in Definition [3](#FPar6){ref-type="sec"} and we assume the constituents of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {f}$$\end{document}$ be denoted as in Definition [4](#FPar7){ref-type="sec"}.

There is the obvious identical morphism $\documentclass[12pt]{minimal}
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### Proposition 4 {#FPar8}
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Comprehensive Systems and morphisms between them constitute a category, denoted $\documentclass[12pt]{minimal}
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It is important to note that we claim ([1](#Equ1){ref-type=""}) to hold in $\documentclass[12pt]{minimal}
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Fig. 5.Composing partial and total morphisms

Usually a morphism between two partial algebras *A* and *B* requires only preservation of definedness, i.e. "$\documentclass[12pt]{minimal}
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Why Must Definedness Be Reflected? {#Sec8}
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This example shows that we cannot expect to have all pushouts in $\documentclass[12pt]{minimal}
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Important Properties {#Sec9}
--------------------
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Another formulation is "*componentwise construction* of predicate *p*", where *p* is based on a certain universal property. If e.g. *p* is the predicate for pushouts, componentwise construction of a $\documentclass[12pt]{minimal}
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The equivalent characterization of hereditaryness in Proposition [3](#FPar4){ref-type="sec"} uses the predicates pushout, pullback, monomorphism, and commutativity, of which we have shown that validity in $\documentclass[12pt]{minimal}
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### Corollary 1 {#FPar11}
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Although it is not the focus of this paper, we mention another important consequence for the application of graph transformations in $\documentclass[12pt]{minimal}
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### Corollary 2 {#FPar12}
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### Proof {#FPar13}

Heindel proves in \[[@CR8]\], Prop. 8.1 that this conclusion can be drawn from Corollary [1](#FPar11){ref-type="sec"}, if pushouts are always stable under pullbacks, i.e. the implication "top face pushout, all side faces pullbacks $\documentclass[12pt]{minimal}
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This corollary guarantees validity of the classical theorems for DPO rewriting such as Local Church Rosser, Parallelism, or Local Confluence Theorem to hold in $\documentclass[12pt]{minimal}
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The Partial Map Category of Comprehensive Systems Admits All Pushouts {#Sec10}
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Upper Adjoints in General \... {#Sec11}
------------------------------
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### Definition 5 (Inverse Images and Upper Adjoints) {#FPar15}
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### Proposition 8 {#FPar16}
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### Proposition 9 {#FPar17}
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### Proof {#FPar18}
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The Main Theorem {#Sec13}
----------------

### Theorem 1 {#FPar19}
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### Proof {#FPar20}
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Fig. 10.SPO rule application

Due to space limitations we can not provide an example in which the full power of SPO rewriting compared to the DPO approach can be demonstrated. Instead we provide a simple example, which reveals one additional helpful aspect of our definition of $\documentclass[12pt]{minimal}
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Related and Future Work {#Sec14}
=======================

The best reference for *Single Pushout Rewriting* is \[[@CR12]\], see also \[[@CR2]\]. *Comprehensive systems* are basically a functor category invented in \[[@CR20]\] and generalized in \[[@CR11]\], its basic ideas originating from the theory of triple graphs \[[@CR18]\]. Pushouts in partial map categories and especially hereditariness of colimits have been thoroughly investigated in \[[@CR7], [@CR8]\].

Our approach still lacks the proof that it is practically applicable, but we hope that SPO rules can serve as a basis for repair rules \[[@CR15]\] in order to maintain consistency of informationally overlapping multimodels. We must also find an appropriate way of SPO rule typing, which can not rely on pure slice categories, because a typing morphism should not be forced to reflect definedness. And there should be a thorough characterisation of conflict-freeness in $\documentclass[12pt]{minimal}
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It seems that the subsequent proofs can still be carried out, if $\documentclass[12pt]{minimal}
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Usually the number of distributed systems under consideration.
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A more general proof has been given in \[[@CR11]\], if $\documentclass[12pt]{minimal}
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Whereas we obtain this result as a corollary from hereditariness, it is proved directly for underlying adhesive categories in \[[@CR11]\].

Since we are working with equivalence classes, is easy to see that $\documentclass[12pt]{minimal}
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                \begin{document}$$\forall x,x'\in X: x\le _X x'\Rightarrow U(x)\le _Y U(x')$$\end{document}$.

This is an almost identical citation of the last statement in Michael's PhD Thesis!

In Honour of Michael Löwe, 1956 - 2019.
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